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Abstract
Graph theory is the study of certain mathematical objects called graphs. A graph consists
of points, called vertices, which are connected by line segments or arcs called edges. Graphs
are commonly used to represent situations found in real life. Airports and flight patterns,
computers and network connections, and towns and roadways are some examples of real life
situations where graph theory is applied. Graph coloring is an established area of research
that is used in applications of graph theory. In this project we color the vertices of a graph
either black or white. We use the following basic color change rule: If a white vertex is the
only white vertex adjacent to a black vertex, then we change the color of that white vertex
to black. We start by coloring some vertices white and some vertices black. The goal is to
find the minimum number of black vertices so that all white vertices are changed to black
by a repeated application of the basic color change rule.
The zero forcing number of a graph G, Z(G), is the minimum number of vertices to be
colored black at the start so that all vertices become black by repeated use of the basic color
change rule. There is a related notion called the semidefinite zero forcing number where the
semidefinite color change rule is slightly different from the basic color change rule. In this
project we find the zero forcing number and semidefinite zero forcing number of an important
class of graphs called bipartite graphs.
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1. Introduction
Graph theory is the study of certain mathematical objects called graphs. A graph consists
of points, called vertices, which can be connected by line segments or arcs called edges. They
are often used to represent real life situations, such as airports and flight patterns, computers
and network connections, and towns and roadways. A bipartite graph, also referred to as
a bigraph, is a graph whose vertex set is decomposed into two disjoint sets such that no
two vertices within the same set are adjacent. In the following example of a bipartite graph
(Figure 1.1) we could think of vertices A, B, and C as representing candidates applying for
jobs, and 1, 2, 3, 4, 5, and 6 as representing jobs in a company. Two vertices are joined by
an edge if the candidate has the qualification for a particular job. Note that there can be no
edges between vertices A, B, and C or between vertices 1, 2, 3, 4, 5, and 6.
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Figure 1.1

One well established area of graph theory is graph coloring [12]. In graph coloring, a
common method is to look for the minimum number of colors used to color every vertex of
a graph so that any two adjacent vertices do not have the same color. The following is an
application of graph coloring: Suppose you want to build compartments to store chemicals
in a room. However, some of these chemicals can react with each other, and hence should
be stored in separate compartments. Suppose there are 6 chemicals. We denote them as
vertices 1, 2, 3, 4, 5, and 6 in a graph (Figure 2.1). Two vertices are joined by an edge if the
chemicals react with each other.

2

Figure 2.1

Figure 2.2
1

2

6

3

5

4

The second graph (Figure 2.2) shows a possible minimum coloring of the graph with
colors yellow (Y), blue (B), and red (R). Since three colors are needed, it is possible that the
chemicals can be stored in three compartments without chemicals reacting with one another.
In this research we color the vertices with only two colors, black and white. We use two
different color change rules which are described below.
1.1. Basic Color Change Rule. The basic color change rule states that if a white vertex
is the only white vertex adjacent to a black vertex, then we change the color of that white
vertex to black [1].
For example, we first color the vertices of a graph either black or white (Figure 3.1).

Figure 3.1

The coloring of the graph in Figure 3.1 would be changed to the coloring in Figure 3.2
using the basic color change rule. There are two white vertices which are the only white
vertices adjacent to black vertices, so we change their colors to black (Figure 3.2).

Figure 3.2

By repeated applications of the basic color change rule, we are able to change all vertices
to black. The zero forcing number of a graph G, Z(G), is the minimum number of vertices
to be colored black at the start so that all vertices will become black by repeated use of the
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basic color change rule. Since Z(G) can be seen to be greater than 1, we have shown that
Z(G) = 2 for the graph in Figure 3.1.
1.2. Semidefinite Color Change Rule. In the semidefinite color change rule, we remove
all vertices that are colored black, which may disconnect the graph into components. Then
we add the black vertices back to each component, and use the basic color change rule [2].
For example, the following graph in Figure 4.1 is broken up into two separate components
when the single black vertex is removed, as seen in Figure 4.2.

Figure 4.1

Figure 4.2

Then the black vertex is added back to each component (Figure 4.3), and the basic color
change rule is applied to get the following coloring (Figure 4.4).

Figure 4.3

Figure 4.4

This step results in three black vertices in the original graph (Figure 4.5).

Figure 4.5

We repeat the process by removing these three black vertices. By repeated application of
the semidefinite color change rule, we will be able to change all of the vertices to black. The
semidefinite zero forcing number of a graph G, Z+ (G), is the minimum number of vertices
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to be colored black at the start so that all the vertices will become black by repeated use
of the semidefinite color change rule. Note that Z+ (G) = 1 for the graph in Figure 4.1,
but it is easy to observe that Z(G) is greater than 1 (Figure 3.1). Therefore, in general,
Z+ (G) ≤ Z(G).
2. Literature Review
The zero forcing number for graphs was first introduced in [1] by the AIM Minimum Rank
- Special Graphs Work Group, which included Dr. Narayan. The semidefinite zero forcing
number for graphs was introduced in [2]. Research on the minimum rank of graphs can be
found in [9] and [13]. The minimum semidefinite rank of graphs was further explored in [3,
4, 6-8, 10, 13-16], where the minimum semidefinite rank was calculated for various families
of graphs, including tree graphs such as the ones in Figures 1.1, 2.1, 3.1 and 4.1 for which the
semidefinite zero forcing number was shown to be 1. We will be expanding on this research
by looking into new types of graphs, in particular, bipartite graphs.
3. Results
3.1. Zero Forcing Number. We start by finding the zero forcing number of a complete
bipartite graph, Km,n . This is a graph on m + n vertices. The two partite sets, X and Y,
have coordinates m and n respectively. Every vertex in X is joined to every vertex in Y to
form Km,n .
Proposition 1. Let Km,n be a complete bipartite graph. Then Z(Km,n ) = m + n − 2.
Proof. Let X and Y be the partite sets of Km,n with |X| = m and |Y | = n. We will assume
without loss of generality that m ≥ n.
Suppose we label the vertices in X as x1 , x2 ,..., xm and the vertices in Y as y1 , y2 ,..., yn .
If we color all vertices except x1 and y1 black, then by the basic color change rule x2 will
force y1 black because that is the only white vertex adjacent to x2 in Y . Similarly, y2 will
force x1 black. Hence, Z(Km,n ) ≤ m + n − 2.
To show Z(Km,n ) is not less than m + n − 2, we consider coloring all but three vertices of
Km,n black.
Case 1 Suppose any three vertices in X are colored white and the rest of the vertices in
X and all vertices of Y are colored black. Then by the basic color change rule, the black
vertices in Y cannot force all three of the white vertices in X black.
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Case 2 Suppose any two vertices in X are colored white and the rest of the vertices in X
are colored black and a single vertex in Y is colored white and the rest of the vertices in Y
are colored black. A black vertex in X will force the white vertex in Y black by the basic
color change rule. But the black vertices in Y cannot force both of the white vertices in X
black.
Since the other (two) cases are similar we can conclude that Z(Km,n ) > m + n − 3. Hence,
Z(Km,n ) = m + n − 2.



Now we find the zero forcing number of graphs where certain edges are removed from the
complete bipartite graph, Km,n .
Proposition 2. Let Km,n − e be a complete bipartite graph with one edge removed. Then
Z(Km,n − e) = m + n − 3.
Proof. Let X and Y be the partite sets of Km,n with |X| = m and |Y | = n. We will assume
without loss of generality that m ≥ n.
Suppose we label the vertices in X as x1 , x2 ,..., xm and the vertices in Y as y1 , y2 ,..., yn .
Assume that the graph Km,n − e is obtained from Km,n by removing the edge e from x1 to
y1 . If we color all vertices except x2 , y1 , and y2 black, then by the basic color change rule x1
will force y2 black because that is the only white vertex adjacent to x1 in Y . Now, y2 will
force x2 black and then x2 will force y1 black. Hence, Z(Km,n − e) ≤ m + n − 3.
To show Z(Km,n − e) is not less than m + n − 3, we consider coloring all but four vertices
of Km,n − e black.
Case 1 Suppose any four vertices in X are colored white and the rest of the vertices in
X and all vertices of Y are colored black. Then by the basic color change rule, the black
vertices in Y cannot force all four of the white vertices in X black.
Case 2 Suppose any three vertices in X are colored white and the rest of the vertices in
X are colored black and a single vertex in Y is colored white and the rest of the vertices in
Y are colored black. A black vertex in X will force the white vertex in Y black by the basic
color change rule. But the black vertices in Y cannot force all three of the white vertices in
X black.
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Case 3 Suppose all but two vertices in X and all but two vertices in Y are colored black.
By the basic color change rule, the black vertices in Y cannot force both of the white vertices
in X black and the black vertices in X cannot force both of the white vertices in Y black.
Since the other (two) cases are similar we can conclude that Z(Km,n − e) > m + n − 4.
Hence, Z(Km,n − e) = m + n − 3.



Proposition 3. Let Km,n −2e be a complete bipartite graph with two edges removed. Suppose
the two edges removed are incident on a single vertex. Then Z(Km,n − 2e) = m + n − 3.
Proof. Let X and Y be the partite sets of Km,n with |X| = m and |Y | = n. We will assume
without loss of generality that m ≥ n.
Suppose we label the vertices in X as x1 , x2 ,..., xm and the vertices in Y as y1 , y2 ,..., yn .
Assume that the graph Km,n − 2e is obtained from Km,n by removing two edges incident on
a single vertex. Suppose edges x1 y1 and x1 y2 are removed from Km,n . If we color all vertices
except x2 , y1 , and y3 black, then by the basic color change rule x1 will force y3 black because
that is the only white vertex adjacent to x1 . Now, x3 will force y1 black and y2 will force x2
black. Hence, Z(Km,n − 2e) ≤ m + n − 3.
To show Z(Km,n − 2e) is not less than m + n − 3, we consider coloring all but four vertices
of Km,n − 2e black.
Case 1 Suppose any four vertices in X are colored white and the rest of the vertices in
X and all vertices of Y are colored black. Then by the basic color change rule, the black
vertices in Y cannot force all four of the white vertices in X black.
Case 2 Suppose any three vertices in X are colored white and the rest of the vertices in
X are colored black and a single vertex in Y is colored white and the rest of the vertices in
Y are colored black. A black vertex in X will force the white vertex in Y black by the basic
color change rule. But the black vertices in Y cannot force all three of the white vertices in
X black.
Case 3 Suppose all but two vertices in X and all but two vertices in Y are colored black.
By the basic color change rule, the black vertices in Y cannot force both of the white vertices
in X black and the black vertices in X cannot force both of the white vertices in Y black.
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Since the other (two) cases are similar we can conclude that Z(Km,n − 2e) > m + n − 4.
Hence, Z(Km,n − 2e) = m + n − 3.



Proposition 4. Let Km,n −2e be a complete bipartite graph with two edges removed. Suppose
the two edges removed have no common vertices. Then Z(Km,n − 2e) = m + n − 4.
Proof. Let X and Y be the partite sets of Km,n with |X| = m and |Y | = n. We will assume
without loss of generality that m ≥ n.
Suppose we label the vertices in X as x1 , x2 ,..., xm and the vertices in Y as y1 , y2 ,...,
yn . Assume that the graph Km,n − 2e is obtained from Km,n by removing two edges having
no common vertices. Suppose edges x1 y1 and x2 y2 are removed from Km,n . If we color all
vertices except x2 , x3 , y1 ,and y2 black, then by the basic color change rule x1 will force y2
black because that is the only white vertex adjacent to x1 . Then, y2 will force x3 black, x4
will force y1 , and y3 will force x2 black. Hence, Z(Km,n − 2e) ≤ m + n − 4.
To show Z(Km,n − 2e) is not less than m + n − 4, we consider coloring all but five vertices
of Km,n − 2e black.
Case 1 Suppose any five vertices in X are colored white and the rest of the vertices in
X and all vertices of Y are colored black. Then by the basic color change rule, the black
vertices in Y cannot force all five of the white vertices in X black.
Case 2 Suppose any four vertices in X are colored white and the rest of the vertices in X
are colored black and a single vertex in Y is colored white and the rest of the vertices in Y
are colored black. A black vertex in X will force the white vertex in Y black by the basic
color change rule. But the black vertices in Y cannot force all four of the white vertices in
X black.
Case 3 Suppose all but three vertices in X and all but two vertices in Y are colored black.
By the basic color change rule, the black vertices in Y cannot force all three of the white
vertices in X black and the black vertices in X cannot force both of the white vertices in Y
black.
Since the other (three) cases are similar we can conclude that Z(Km,n − 2e) > m + n − 5.
Hence, Z(Km,n − 2e) = m + n − 4.
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Proposition 5. Let Km,n − 3e be a complete bipartite graph with three edges removed.
Suppose the three edges removed are incident on a single vertex. Then Z(Km,n − 3e) =
m + n − 3.
Proof. Let X and Y be the partite sets of Km,n with |X| = m and |Y | = n. We will assume
without loss of generality that m ≥ n.
Suppose we label the vertices in X as x1 , x2 ,..., xm and the vertices in Y as y1 , y2 ,..., yn .
Assume that the graph Km,n − 3e is obtained from Km,n by removing three edges incident
on a single vertex. Suppose edges x1 y1 , x1 y2 , and x1 y3 are removed from Km,n . If we color
all vertices except x2 , y1 , and y4 black, then by the basic color change rule x1 will force y4
black because that is the only white vertex adjacent to x1 . Now, x3 will force y1 black and
y2 will force x2 black. Hence, Z(Km,n − 3e) ≤ m + n − 3.
To show Z(Km,n − 3e) is not less than m + n − 3, we consider coloring all but four vertices
of Km,n − 3e black.
Case 1 Suppose any four vertices in X are colored white and the rest of the vertices in
X and all vertices of Y are colored black. Then by the basic color change rule, the black
vertices in Y cannot force all four of the white vertices in X black.
Case 2 Suppose any three vertices in X are colored white and the rest of the vertices in
X are colored black and a single vertex in Y is colored white and the rest of the vertices in
Y are colored black. A black vertex in X will force the white vertex in Y black by the basic
color change rule. But the black vertices in Y cannot force all three of the white vertices in
X black.
Case 3 Suppose all but two vertices in X and all but two vertices in Y are colored black.
By the basic color change rule, the black vertices in Y cannot force both of the white vertices
in X black and the black vertices in X cannot force both of the white vertices in Y black.
Since the other (two) cases are similar we can conclude that Z(Km,n − 3e) > m + n − 4.
Hence, Z(Km,n − 3e) = m + n − 3.



Proposition 6. Let Km,n − 3e be a complete bipartite graph with three edges removed.
Suppose the two of the edges removed are incident on a single vertex and one edge is incident
on a different vertex are removed. Then Z(Km,n − 3e) = m + n − 4.
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Proof. Let X and Y be the partite sets of Km,n with |X| = m and |Y | = n. We will assume
without loss of generality that m ≥ n.
Suppose we label the vertices in X as x1 , x2 ,..., xm and the vertices in Y as y1 , y2 ,..., yn .
Assume that the graph Km,n − 3e is obtained from Km,n by removing two edges incident on
a single vertex and one edge incident on a different vertex. There are two possible cases.
Case 1 Suppose edges x1 y1 , x1 y2 , and x2 y3 are removed from Km,n . If we color all vertices
except x2 , x3 , y1 ,and y3 black, then by the basic color change rule x1 will force y3 black
because that is the only white vertex adjacent to x1 . Then, y3 will force x3 black, then x3
will force y1 , and then y1 will force x2 black. Hence, Z(Km,n − 3e) ≤ m + n − 4.
Case 2 Suppose edges x1 y1 , x1 y2 , and x2 y1 are removed from Km,n . If we color all vertices
except x2 , y1 , y2 ,and y3 black, then by the basic color change rule x1 will force y3 black
because that is the only white vertex adjacent to x1 . Then, y3 will force x2 black, then x2
will force y2 , and then x3 will force y1 black. Hence, Z(Km,n − 3e) ≤ m + n − 4.
To show Z(Km,n − 3e) is not less than m + n − 4, we consider coloring all but five vertices
of Km,n − 3e black.
Case 1 Suppose any five vertices in X are colored white and the rest of the vertices in
X and all vertices of Y are colored black. Then by the basic color change rule, the black
vertices in Y cannot force all five of the white vertices in X black.
Case 2 Suppose any four vertices in X are colored white and the rest of the vertices in X
are colored black and a single vertex in Y is colored white and the rest of the vertices in Y
are colored black. A black vertex in X will force the white vertex in Y black by the basic
color change rule. But the black vertices in Y cannot force all four of the white vertices in
X black.
Case 3 Suppose all but three vertices in X and all but two vertices in Y are colored black.
Black vertices in X will force the two white vertices in Y black by the basic color change
rule. But the black vertices in Y cannot force all three of the white vertices in X black.
Since the other (three) cases are similar we can conclude that Z(Km,n − 3e) > m + n − 5.
Hence, Z(Km,n − 3e) = m + n − 4.
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Proposition 7. Let Km,n − 3e be a complete bipartite graph with three edges removed.
Suppose the three edges removed have no common vertices. Then Z(Km,n − 3e) = m + n − 4.
Proof. Let X and Y be the partite sets of Km,n with |X| = m and |Y | = n. We will assume
without loss of generality that m ≥ n.
Suppose we label the vertices in X as x1 , x2 ,..., xm and the vertices in Y as y1 , y2 ,..., yn .
Assume that the graph Km,n − 3e is obtained from Km,n by removing three edges having no
common vertices. Suppose edges x1 y1 , x2 y2 , and x3 y3 are removed from Km,n . If we color
all vertices except x2 , x3 , y1 ,and y2 black, then by the basic color change rule x1 will force
y2 black because that is the only white vertex adjacent to x1 . Then, y2 will force x3 black,
x4 will force y1 , and y3 will force x2 black. Hence, Z(Km,n − 3e) ≤ m + n − 4.
To show Z(Km,n − 3e) is not less than m + n − 4, we consider coloring all but five vertices
of Km,n − 3e black.
Case 1 Suppose any five vertices in X are colored white and the rest of the vertices in
X and all vertices of Y are colored black. Then by the basic color change rule, the black
vertices in Y cannot force all five of the white vertices in X black.
Case 2 Suppose any four vertices in X are colored white and the rest of the vertices in X
are colored black and a single vertex in Y is colored white and the rest of the vertices in Y
are colored black. A black vertex in X will force the white vertex in Y black by the basic
color change rule. But the black vertices in Y cannot force all four of the white vertices in
X black.
Case 3 Suppose all but three vertices in X and all but two vertices in Y are colored black.
By the basic color change rule, the black vertices in Y cannot force all three of the white
vertices in X black and the black vertices in X cannot force both of the white vertices in Y
black.
Since the other (three) cases are similar we can conclude that Z(Km,n − 3e) > m + n − 5.
Hence, Z(Km,n − 3e) = m + n − 4.



Proposition 8. Let Km,n − re be a complete bipartite graph with r edges removed, where
0 < r < n ≤ m. Suppose all the edges are removed incident on a single vertex. Then
Z(Km,n − re) = m + n − 3.
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Proof. Let X and Y be the partite sets of Km,n with |X| = m and |Y | = n. We will assume
without loss of generality that m ≥ n.
Suppose we label the vertices in X as x1 , x2 ,..., xm and the vertices in Y as y1 , y2 ,..., yn .
Assume that the graph Km,n − re is obtained from Km,n by removing r edges incident on
a single vertex. Suppose edges x1 y1 ...x1 yr are removed from Km,n . If we color all vertices
except x2 , y1 , and yn black, then by the basic color change rule x1 will force yn black because
that is the only white vertex adjacent to x1 . Now, x3 will force y1 black, and y2 will force
x2 black. Hence, Z(Km,n − re) ≤ m + n − 3.
To show Z(Km,n − re) is not less than m + n − 3, we consider coloring all but four vertices
of Km,n − re black.
Case 1 Suppose any four vertices in X are colored white and the rest of the vertices in
X and all vertices of Y are colored black. Then by the basic color change rule, the black
vertices in Y cannot force all four of the white vertices in X black.
Case 2 Suppose any three vertices in X are colored white and the rest of the vertices in
X are colored black and a single vertex in Y is colored white and the rest of the vertices in
Y are colored black. A black vertex in X will force the white vertex in Y black by the basic
color change rule. But the black vertices in Y cannot force all three of the white vertices in
X black.
Case 3 Suppose all but two vertices in X and all but two vertices in Y are colored black.
By the basic color change rule, the black vertices in Y cannot force both of the white vertices
in X black and the black vertices in X cannot force both of the white vertices in Y black.
Since the other (two) cases are similar we can conclude that Z(Km,n − re) > m + n − 4.
Hence, Z(Km,n − re) = m + n − 3.



Observation. Let Km,n be a complete bipartite graph. We will find the maximum number
of edges that can be removed from Km,n so that the resulting graph on the (m + n) vertices
of Km,n is connected. Denote the resulting graph by G. Note that G cannot have a cycle.
In other words we are interested in finding a spanning tree of Km,n . A spanning tree of G of
Km,n on m + n vertices must have m + n − 1 edges, since a graph H is a tree if and only if the
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number of edges is |H| [17]. Since Km,n has mn edges, the maximum number of edges that
can be removed is mn−(m+n−1) = mn−m−(n−1) = m(n−1)−(n−1) = (m−1)(n−1).
Proposition 9. Let Km,n − pe be a complete bipartite graph with p = (m − 1)(n − 1) edges
removed. Then Z(Km,n − pe) is 1 when the resulting graph Km,n − pe is a path, which
happens when m = n or m = n + 1.
Proof. Since Km,n − pe, where p = (m − 1)(n − 1) is a path, we color one of the end vertices
black. This will force every other vertex of Km,n − pe black by the basic color change rule.
Hence, Z(Km,n − pe) = 1 when Km,n − pe is a path, which happens when m > n + 1. When
m = n and p = (m−1)(n−1) edges are removed, the resulting graph is a path on 2n vertices
and 2n − 1 edges. Hence, it starts in a partite set and ends in the other partite set. When
m = n + 1 and p = (m − 1)(n − 1) edges are removed, the resulting graph is a path on 2n + 1
vertices and 2n edges. The path starts and ends in the same partite set.



Proposition 10. Let Km,n − pe be a complete bipartite graph with p = (m − 1)(n − 1) edges
removed. Then Z(Km,n − pe) is m − n when the resulting graph Km,n − pe is a tree that is
not a path, which happens when m > n + 1.
Proof. When m > n + 1 and p = (m − 1)(n − 1) edges are removed, then there are m − n − 1
extra vertices on one partite set that are connected to a vertex V of maximum degree m−n+1
in the other partite set. Thus, we color all pendant vertices adjacent to V . This will force
all vertices black using the basic color change rule. Hence, Z(Km,n − pe) = m − n.



3.2. Semidefinite Zero Forcing Number. We start by finding the semidefinite zero forcing number of a complete bipartite graph Km,n . The result can also be obtained by using the
fact that OS(G) + Z+ (G) = |G| [Theorem 3.6, 2] and the result that OS(Km,n ) = maxm, n
[Proposition 3.10, 7].
Proposition 11. Let Km,n be a complete bipartite graph. Then Z+ (Km,n ) = min{m, n}.
Proof. We will assume without loss of generality that m ≥ n and show that Z+ (Km,n ) = n.
Let X = {x1 , ..., xm } and Y = {y1 , ..., yn } be the partite sets of Km,n . Suppose we color
all the vertices in Y black and color the rest white. By the semidefinite color change rule,
if we remove {y1 , ..., yn } from Km,n , then we get the m components {x1 }, ...{xm } as isolated
vertices.
If we take the induced graph of Y

S
{xk } for 1 ≤ k ≤ m in Km,n , we get a star graph with

xk as the center and y1 , ..., yn as pendants.
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So any vertex in Y will force xk black for 1 ≤ k ≤ m. Hence, Z+ (Km,n ) ≤ n.
If we color only n − 1 vertices black, then we will get a single connected component of
white vertices. If we attach the set of black vertices to this component we get the induced
graph to be Km,n . But none of the black vertices can force any white vertex black. Hence,
Z+ (Km,n ) = n



Proposition 12. Let Km,n − e be a complete bipartite graph with one edge removed. Then


 min{m,n}
Z+ (Km,n − e) =
min{m,n}


1

when m > n
when m = n > 2
when m = n = 2

Proof. Since we are considering only connected graphs, we assume m ≥ n ≥ 2.
Case 1 Let m > n:
Let X = {x1 , ..., xm } and Y = {y1 , ..., yn } be the partite sets of Km,n . Assume that the
graph Km,n − e is obtained from Km,n by removing an edge from x1 to y1 . Suppose we color
all the vertices in Y black and color the rest white. By the semidefinite color change rule,
if we remove {y1 , ..., yn } from Km,n , then we get the m components {x1 }, ...{xm } as isolated
vertices.
If we take the induced graph of Y

S
{x1 } in Km,n − e, we get a star graph with x1 as the

center and y2 , ..., yn as pendants.
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Figure 6.1

So any vertex y2 , ..., yn will force x1 black.
If we take the induced graph of Y

S

{xk } for 1 < k ≤ m in Km,n − e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as in Figure 5.1. So any vertex in Y will
force xk black for 1 < k ≤ m. Hence, Z+ (Km,n − e) ≤ n.
If we color only n − 1 vertices black, then we will get a connected component of two or
more white vertices. If we attach the set of black vertices to this component we get an
induced bipartite graph. But the black vertices cannot force all of the white vertices black
using the semidefinite color change rule. Hence, Z+ (Km,n − e) = n.
Case 2 Let m = n > 2:
Let X = {x1 , ..., xn } and Y = {y1 , ..., yn } be the partite sets of Kn,n . Assume that the
graph Kn,n − e is obtained from Kn,n by removing an edge from x1 to y1 . Suppose we color
all the vertices in Y black and color the rest white. By the semidefinite color change rule,
if we remove {y1 , ..., yn } from Kn,n , then we get the n components {x1 }, ...{xn } as isolated
vertices.
If we take the induced graph of Y

S

{x1 } in Kn,n − e, we get a star graph with x1 as the

center and y2 , ..., yn as pendants, as in Figure 6.1. So any vertex y2 , ..., yn will force x1 black.
If we take the induced graph of Y

S
{xk } for 1 < k ≤ n in Kn,n − e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as in Figure 5.1. So any vertex in Y will
force xk black for 1 < k ≤ n. Hence, Z+ (Kn,n − e) ≤ n.
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If we color only n − 1 vertices black, then we will get a connected component of two or
more white vertices. If we attach the set of black vertices to this component we get an
induced bipartite graph. But the black vertices cannot force all of the white vertices black
using the semidefinite color change rule. Hence, Z+ (Kn,n − e) = n.
Case 3 Let m = n = 2:
Let X = {x1 , x2 } and Y = {y1 , y2 } be the partite sets of K2,2 . Assume K2,2 − e is obtained
by removing one edge, x1 y1 , from K2,2 If we color x2 black, then removal of x2 will give
two components namely {x1 } and the edge x1 y2 . By the semidefinite color change rule we
can force y1 black and y2 black. Again, by the semidefinite color change rule y2 will force
x1 black. Therefore, Z+ (K2,2 − e) ≤ 1. Since at least one vertex has to be colored black,
Z+ (K2,2 − e) = 1.



Proposition 13. Let Km,n − 2e be a complete bipartite graph with two edges removed. Suppose the two edges removed are incident on a single vertex. Then



 min{m,n}
Z+ (Km,n − 2e) =
min{m,n}


2

when m > n
when m = n > 3
when m = n = 3

Proof. Since we are considering only connected graphs, we assume m ≥ n ≥ 3.
Case 1 Let m > n:
Let X = {x1 , ..., xm } and Y = {y1 , ..., yn } be the partite sets of Km,n . Assume that the
graph Km,n −2e is obtained by removing two edges, x1 to y1 and x1 to y2 , from Km,n . Suppose
we color all the vertices in Y black and color the rest white. By the semidefinite color change
rule, if we remove {y1 , ..., yn } from Km,n , then we get the m components {x1 }, ...{xm } as
isolated vertices.
If we take the induced graph of Y

S

{x1 } in Km,n − 2e, we get a star graph with x1 as the

center and y3 , ..., yn as pendants.
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y1

y2
x1
y3

yn

Figure 7.1

So any vertex y3 , ..., yn will force x1 black.
If we take the induced graph of Y

S

{xk } for 1 < k ≤ m in Km,n − 2e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ m. Hence, Z+ (Km,n − 2e) ≤ n.
If we color only n − 1 vertices black, then we will get a connected component of two or
more white vertices. If we attach the set of black vertices to this component we get an
induced bipartite graph. But the black vertices cannot force all of the white vertices black
using the semidefinite color change rule. Hence, Z+ (Km,n − 2e) = n.
Case 2 Let m = n > 3:
Let X = {x1 , ..., xn } and Y = {y1 , ..., yn } be the partite sets of Kn,n . Assume that the
graph Kn,n −2e is obtained by removing two edges, x1 to y1 and x1 to y2 , from Kn,n . Suppose
we color all the vertices in Y black and color the rest white. By the semidefinite color change
rule, if we remove {y1 , ..., yn } from Kn,n , then we get the m components {x1 }, ...{xn } as
isolated vertices.
If we take the induced graph of Y

S

{x1 } in Kn,n − 2e, we get a star graph with x1 as the

center and y3 , ..., yn as pendants, as in Figure 7.1. So any vertex y3 , ..., yn will force x1 black.
If we take the induced graph of Y

S

{xk } for 1 < k ≤ n in Kn,n − 2e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ n. Hence, Z+ (Kn,n − 2e) ≤ n.
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If we color only n − 1 vertices black, then we will get a connected component of two or
more white vertices. If we attach the set of black vertices to this component we get an
induced bipartite graph. But the black vertices cannot force all of the white vertices black
using the semidefinite color change rule. Hence, Z+ (Kn,n − 2e) = n.
Case 3 Let m = n = 3:
Let X = {x1 , x2 , x3 } and Y = {y1 , y2 , y3 } be the partite sets of K3,3 . Assume K3,3 − 2e
is obtained by removing two edges, x1 y1 and x1 y2 , from K3,3 . If we color x2 black and x3
black then removal of x2 and x3 will give three components namely {y1 }, {y2 }, and the edge
x1 y3 . By the semidefinite color change rule, we can force y1 , y2 , and y3 black. Again by the
semidefinite color change rule y3 will force x1 black. Therefore, Z+ (K3,3 − 2e) ≤ 2. If we
color only one vertex black, then we will get a connected component of white vertices. If we
attach the black vertex back to this component we get the induced graph to be K3,3 −2e. But
the black vertex cannot force any of the white vertices black. Hence, Z+ (K3,3 − 2e) = 3. 

Proposition 14. Let Km,n − 2e be a complete bipartite graph with two edges removed. Suppose the two edges removed have no common vertices. Then Z+ (Km,n − 2e) = min{m, n}.

Proof. We will assume without loss of generality that m ≥ n and show that Z+ (Km,n − 2e) =
n.
Let X = {x1 , ..., xm } and Y = {y1 , ..., yn } be the partite sets of Km,n . Assume that the
graph Km,n −2e is obtained by removing two edges, x1 to y1 and x2 to y2 , from Km,n . Suppose
we color all the vertices in Y black and color the rest white. By the semidefinite color change
rule, if we remove {y1 , ..., yn } from Km,n , then we get the m components {x1 }, ...{xm } as
isolated vertices.
If we take the induced graph of Y

S

{x1 } in Km,n − 2e, we get a star graph with x1 as the

center and y2 , ..., yn as pendants.
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y1

y2

x1

yn

Figure 8.1

So any vertex y2 , ..., yn will force x1 black.
If we take the induced graph of Y

S
{x2 } in Km,n − 2e, we get a star graph with x2 as the

center and y1 , y3 , y4 , ..., yn as pendants.

y1

y2

y3

x2

y4

yn

Figure 8.2

So any vertex y1 , y3 , y4 , ..., yn will force x2 black.
If we take the induced graph of Y

S
{xk } for 1 < k ≤ m in Km,n − 2e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ m. Hence, Z+ (Km,n − 2e) ≤ n.
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If we color only n − 1 vertices black, then we will get a connected component of two or
more white vertices. If we attach the set of black vertices to this component we get an
induced bipartite graph. But the black vertices cannot force all of the white vertices black
using the semidefinite color change rule. Hence, Z+ (Km,n − 2e) = n.



Proposition 15. Let Km,n − 3e be a complete bipartite graph with three edges removed.
Suppose the three edges removed are incident on a single vertex. Then


 min{m,n}
Z+ (Km,n − 3e) =
min{m,n}


3

when m > n
when m = n > 4
when m = n = 4

Proof. Since we are considering only connected graphs, we assume m ≥ n ≥ 4.
Case 1 Let m > n:
Let X = {x1 , ..., xm } and Y = {y1 , ..., yn } be the partite sets of Km,n . Assume that
the graph Km,n − 3e is obtained by removing three edges, x1 to y1 , x1 to y2 , and x1 to
y3 , from Km,n . Suppose we color all the vertices in Y black and color the rest white. By
the semidefinite color change rule, if we remove {y1 , ..., yn } from Km,n , then we get the m
components {x1 }, ...{xm } as isolated vertices.
If we take the induced graph of Y

S

{x1 } in Km,n − 3e, we get a star graph with x1 as the

center and y4 , ..., yn as pendants.

y1

y2

y3

x1

y4

yn

Figure 9.1
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So any vertex y4 , ..., yn will force x1 black.
If we take the induced graph of Y

S

{xk } for 1 < k ≤ m in Km,n − 3e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ m. Hence, Z+ (Km,n − 3e) ≤ n.
If we color only n − 1 vertices black, then we will get a connected component of two or
more white vertices. If we attach the set of black vertices to this component we get an
induced bipartite graph. But the black vertices cannot force all of the white vertices black
using the semidefinite color change rule. Hence, Z+ (Km,n − 3e) = n.
Case 2 Let m = n > 3:
Let X = {x1 , ..., xn } and Y = {y1 , ..., yn } be the partite sets of Kn,n . Assume that the
graph Kn,n − 3e is obtained by removing three edges, x1 to y1 , x1 to y2 , and x1 to y3 ,
from Km,n . Suppose we color all the vertices in Y black and color the rest white. By
the semidefinite color change rule, if we remove {y1 , ..., yn } from Kn,n , then we get the m
components {x1 }, ...{xn } as isolated vertices.
If we take the induced graph of Y

S
{x1 } in Kn,n − 3e, we get a star graph with x1 as the

center and y4 , ..., yn as pendants, as in Figure 9.1. So any vertex y4 , ..., yn will force x1 black.
If we take the induced graph of Y

S

{xk } for 1 < k ≤ m in Kn,n − 3e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ n. Hence, Z+ (Kn,n − 3e) ≤ n.
If we color only n − 1 vertices black, then we will get a connected component of two or
more white vertices. If we attach the set of black vertices to this component we get an
induced bipartite graph. But the black vertices cannot force all of the white vertices black
using the semidefinite color change rule. Hence, Z+ (Kn,n − 3e) = n.
Case 3 Let m = n = 3:
Let X = {x1 , x2 , x3 , x4 } and Y = {y1 , y2 , y3 , x4 } be the partite sets of K4,4 . Assume
K4,4 − 3e is obtained by removing three edges, x1 y1 , x1 y2 , and x1 y3 , from K4,4 . If we color
x2 , x3 , and x4 black, then removal of x2 , x3 , and x4 will give four components namely {y1 },
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{y2 }, {y3 } and the edge x1 y4 . By the semidefinite color change rule, we can force y1 , y2 , y3
and y4 black. Again by the semidefinite color change rule y4 will force x1 black. Therefore,
Z+ (K4,4 −3e) ≤ 3. If we color only two vertices black, then we will get a connected component
of white vertices. If we attach the black vertices back to this component we get the induced
graph to be K4,4 − 3e. But the black vertices cannot force any of the white vertices black.
Hence, Z+ (K4,4 − 3e) = 3.



Proposition 16. Let Km,n − 3e be a complete bipartite graph with three edges removed.
Suppose two edges incident on single vertex and one edge incident on a different vertex are
removed. Then



 min{m,n}
Z+ (Km,n − 3e) =
min{m,n}


2

when m > n
when m = n > 3
when m = n = 3

Proof. Since we are considering only connected graphs we assume m ≥ n ≥ 3.
Case 1 Let m > n:
Let X = {x1 , ..., xm } and Y = {y1 , ..., yn } be the partite sets of Km,n . Assume that the
graph Km,n − 3e is obtained by from Km,n by removing two edges incident on a single vertex
and one edge incident on a different vertex. There are two possible cases.
(i) Suppose edges x1 y1 , x1 y2 , andx2 y3 are removed from Km,n . Suppose we color all the
vertices in Y black and color the rest white. By the semidefinite color change rule, if
we remove {y1 , ..., yn } from Km,n , then we get the m components {x1 }, ...{xm } as isolated
vertices.
If we take the induced graph of Y

S

{x1 } in Km,n − 3e, we get a star graph with x1 as the

center and y3 , ..., yn as pendants.

22

y1

y2
x1
y3

yn

Figure 10.1

So any vertex y3 , ..., yn will force x1 black.
If we take the induced graph of Y

S

{x2 } in Km,n − 3e, we get a star graph with x2 as the

center and y1 , y2 , y4 , y5 , y6 , ..., yn as pendants.

y1

y2

y3

y4

x2

y5

y6

yn

Figure 10.2

So any vertex y1 , y2 , y4 , y5 , y6 , ..., yn will force x2 black.
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If we take the induced graph of Y

S

{x3 } in Km,n − 3e, we get a star graph with x3 as the

center and y1 , y2 , y4 , y5 , y6 , ..., yn as pendants.

y1

y2

y3

y4

x3

y5

y6

yn

Figure 10.3

So any vertex y1 , y2 , y4 , y5 , y6 , ..., yn will force x3 black.
If we take the induced graph of Y

S

{xk } for 1 < k ≤ m in Km,n − 3e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ m. Hence, Z+ (Km,n − 3e) ≤ n.
(ii) Suppose edges x1 y1 , x1 y2 , andx2 y1 are removed from Km,n . Suppose we color all the
vertices in Y black and color the rest white. By the semidefinite color change rule, if
we remove {y1 , ..., yn } from Km,n , then we get the m components {x1 }, ...{xm } as isolated
vertices.
If we take the induced graph of Y

S

{x1 } in Km,n − 3e, we get a star graph with x1 as the

center and y3 , ..., yn as pendants.
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y1

y2
x1
y3

yn

Figure 10.4

So any vertex y3 , ..., yn will force x1 black.
If we take the induced graph of Y

S

{x2 } in Km,n − 3e, we get a star graph with x2 as the

center and y2 , ..., yn as pendants.

y1

y2

x1

yn

Figure 10.5

So any vertex y2 , ..., yn will force x2 black.
If we take the induced graph of Y

S

{xk } for 1 < k ≤ m in Km,n − 3e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ m. Hence, Z+ (Km,n − 3e) ≤ n.
If we color only n − 1 vertices black, then we will get a connected component of two or
more white vertices. If we attach the set of black vertices to this component we get an
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induced bipartite graph. But the black vertices cannot force all of the white vertices black
using the semidefinite color change rule. Hence, Z+ (Km,n − 3e) = n.
Case 2 Let m = n > 2:
There are two subcases.
(i) Suppose edges x1 y1 , x1 y2 , and x2 y3 are removed from Kn,n . Suppose we color all the
vertices in Y black and color the rest white. By the semidefinite color change rule, if we
remove {y1 , ..., yn } from Kn,n , then we get the m components {x1 }, ...{xn } as isolated vertices.
If we take the induced graph of Y

S
{x1 } in Kn,n − 3e, we get a star graph with x1 as the

center and y3 , ..., yn as pendants, as in Figure 10.1 So any vertex y3 , ..., yn will force x1 black.
If we take the induced graph of Y

S
{x2 } in Kn,n − 3e, we get a star graph with x2

as the center and y1 , y2 , y4 , y5 , y6 , ..., yn as pendants, as in Figure 10.2.

So any vertex

y1 , y2 , y4 , y5 , y6 , ..., yn will force x2 black.
If we take the induced graph of Y

S
{x3 } in Kn,n − 3e, we get a star graph with x3

as the center and y1 , y2 , y4 , y5 , y6 , ..., yn as pendants, as in Figure 10.3.

So any vertex

y1 , y2 , y4 , y5 , y6 , ..., yn will force x3 black.
If we take the induced graph of Y

S

{xk } for 1 < k ≤ n in Kn,n − 3e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ n. Hence, Z+ (Kn,n − 3e) ≤ n.
(ii) Suppose edges x1 y1 , x1 y2 , and x2 y1 are removed from Kn,n . Suppose we color all
the vertices in Y black and color the rest white. By the semidefinite color change rule, if
we remove {y1 , ..., yn } from Km,n , then we get the m components {x1 }, ...{xn } as isolated
vertices.
If we take the induced graph of Y

S
{x1 } in Kn,n − 3e, we get a star graph with x1 as

the center and y3 , ..., yn as pendants, as in Figure 10.4. So any vertex y3 , ..., yn will force x1
black.
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If we take the induced graph of Y

S

{x2 } in Kn,n − 3e, we get a star graph with x2 as

the center and y2 , ..., yn as pendants, as in Figure 10.5. So any vertex y2 , ..., yn will force x2
black.
If we take the induced graph of Y

S

{xk } for 1 < k ≤ n in Kn,n − 3e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ n. Hence, Z+ (Kn,n − 3e) ≤ n.
If we color only n − 1 vertices black, then we will get a connected component of two or
more white vertices. If we attach the set of black vertices to this component we get an
induced bipartite graph. But the black vertices cannot force all of the white vertices black
using the semidefinite color change rule. Hence, Z+ (Kn,n − 3e) = n.
Case 3 Let m = n = 3:
There are two subcases.
(i) Let X = {x1 , x2 , x3 } and Y = {y1 , y2 , y3 } be the partite sets of K3,3 . Assume K3,3 − 3e
is obtained by removing three edges, x1 y1 , x1 y2 , and x2 y3 , from K3,3 . If we color x2 and x3
black, then removal of x2 and x3 will give three components namely {y1 }, {y2 }, and the edge
x1 y3 . By the semidefinite color change rule, we can force y1 , y2 , and y3 black. Again by the
semidefinite color change rule y3 will force x1 black. Therefore, Z+ (K3,3 − 3e) ≤ 2. If we
color only one vertiex black, then we will get a connected component of white vertices. If we
attach the black vertex back to this component we get the induced graph to be K3,3 − 3e.
But the black vertex cannot force any of the white vertices black. Hence, Z+ (K3,3 − 3e) = 2.
(ii) Let X = {x1 , x2 , x3 } and Y = {y1 , y2 , y3 } be the partite sets of K3,3 . Assume K3,3 − 3e
is obtained by removing three edges, x1 y1 , x1 y2 , and x2 y1 , from K3,3 . If we color x2 and x3
black, then removal of x2 and x3 will give three components namely {y1 }, {y2 }, and the edge
x1 y3 . By the semidefinite color change rule, we can force y1 , y2 , and y3 black. Again by the
semidefinite color change rule y3 will force x1 black. Therefore, Z+ (K3,3 − 3e) ≤ 2. If we
color only one vertex black, then we will get a connected component of white vertices. If we
attach the black vertex back to this component we get the induced graph to be K3,3 − 3e.
But the black vertex cannot force any of the white vertices black. Hence, Z+ (K3,3 − 3e) = 2.
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Proposition 17. Let Km,n − 3e be a complete bipartite graph with three edges removed. Suppose the three edges removed have no common vertices. Then Z+ (Km,n − 3e) = min{m, n}.

Proof. We will assume without loss of generality that m ≥ n and show that Z+ (Km,n − 3e) =
n.
Let X = {x1 , ..., xm } and Y = {y1 , ..., yn } be the partite sets of Km,n . Assume that
the graph Km,n − 3e is obtained by removing three edges x1 to y1 , x2 to y2 , and x3 to
y3 , from Km,n . Suppose we color all the vertices in Y black and color the rest white. By
the semidefinite color change rule, if we remove {y1 , ..., yn } from Km,n , then we get the m
components {x1 }, ...{xm } as isolated vertices.
If we take the induced graph of Y

S

{x1 } in Km,n − 3e, we get a star graph with x1 as the

center and y2 , ..., yn as pendants.

y1

y2

x1

yn

Figure 11.1

So any vertex y2 , ..., yn will force x1 black.
If we take the induced graph of Y

S

{x2 } in Km,n − 3e, we get a star graph with x2 as the

center and y1 , y3 , y4 , ..., yn as pendants.
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y1
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y3

x2

y4

yn

Figure 11.2

So any vertex y1 , y3 , y4 , ..., yn will force x2 black.
If we take the induced graph of Y

S
{x3 } in Km,n − 3, we get a star graph with x3 as the

center and y1 , y2 , y4 , y5 , y6 , ..., yn as pendants.

y1

y2

y3

y4

x2

y5

y6

yn

Figure 11.3
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So any vertex y1 , y2 , y4 , y5 , y6 , ..., yn will force x3 black.
If we take the induced graph of Y

S

{xk } for 1 < k ≤ m in Km,n − 3e we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ m. Hence, Z+ (Km,n − 3e) ≤ n.
If we color only n − 1 vertices black, then we will get a connected component of two or
more white vertices. If we attach the set of black vertices to this component we get an
induced bipartite graph. But the black vertices cannot force all of the white vertices black
using the semidefinite color change rule. Hence, Z+ (Km,n − 3e) = n.



Proposition 18. Let Km,n − re be a complete bipartite graph with r edges removed, where
m > n > r. Suppose all the edges removed are incident on a single vertex. Then Z+ (Km,n −
re) = min{m, n}.
Proof. Let r be the number of edges removed. We assume that 0 < r < n < m.
Let X = {x1 , ..., xm } and Y = {y1 , ..., yn } be the partite sets of Km,n . Assume that
the graph Km,n − re is obtained from Km.n by removing r edges incident on a single vertex.
Suppose we color all the vertices in Y black and color the rest white. By the semidefinite color
change rule, if we remove {y1 , ..., yn } from Km,n , then we get the m components {x1 }, ...{xm }
as isolated vertices.
If we take the induced graph of Y

S

{x1 } in Km,n − re, we get a star graph with x1 as the

center and yr+1 , ..., yn as pendants.

y1

yr+1

x1

yn

Figure 12.1

So any vertex yr+1 , ..., yn will force x1 black.
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If we take the induced graph of Y

S

{xk } for 1 < k ≤ m in Km,n − re we get a star graph

with xk as the center and y1 , ..., yn as pendants, as before. So any vertex in Y will force xk
black for 1 < k ≤ m. Hence, Z+ (Km,n − re) ≤ n.
If we color only n − 1 vertices black, then we will get a single connected component of
white vertices. If we attach the set of black vertices to this component we get the induced
graph to be Km,n . But none of the black vertices can force any white vertex black. Hence,
Z+ (Km,n − re) = n.



Proposition 19. Let Km,n − pe be a complete bipartite graph with p = (m − 1)(n − 1) edges
removed. Then Z+ (Km,n − pe) = 1.
Proof. Since G = Km,n − pe, where p = (m − 1)(n − 1), is a spanning tree of Km,n , we color
any vertex of G black. Since G is a tree the result follows from [2].
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